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Abstract: In this paper, we study the buckling eigenvalue /31 for a domain in a Riemannian 
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Introduction 
Let M be an n-dimensional Riemannian manifold. The notation 52 c 44 will be used 
to denote the condition that R is a smoothly bounded, relatively compact subset of M. 
Define the number ,& by 
J (Au)* fir := inf 
uEC,OO (n) J pun* * 
(*> 
We will call /3r the buckling eigendue of 0. In mechanics, Pr has the following inter- 
pretation. If a clamped plate is represented as a domain in Iw*, then /3r gives the lateral 
pressure under which the plate buckles. It will be shown below, that pr is the smallest 
eigenvalue for the problem 
A*u+pAu=O inR, 
u = 0 = i3,u on dSZ. 
(**I 
The eigenvalue pr arises in several places in geometry, particularly when dealing with 
variational problems in which the variations are constrained to satisfy a differential 
condition. We begin in Section 1 by deriving several estimates for ,&, in particular, 
’ E-mail: Bennett. Palmer@durham.ac.uk. 
0926-2245/94/$07.00 @1994-El sevier Science B.V. All rights reserved 
SSDI 0926-2245(94)00025-5 
392 R. Palmer 
an upper bound when IR is a domain in a surface. We then consider 
applications: 
i) Let z : M -+ E3 be an immersion with non-zero constant mean 
Then the Gauss map v : A4 + S2 is a harmonic map, i.e. 
SE(Y) = s 
J 
]]dr# = 0. 
the following 
curvature H . 
If 0 g M then v]n is stable, i.e. b2E(y) > 0 f or all 6v supported in 0, only if /3r 2 2H2 
holds. 
ii) Let N be an Einstein-Kahler manifold. Let f : L + N be a minimal Lagrangian 
immersion. Following Oh [7], L is called Hamiltonian stable if and only if the second 
variation of area is non-negative for all variations, supported in L, of the form Sf = 
J(V$), II E C”(L), h w ere J is the almost complex structure of N. Using Oh’s results, 
it is easy to show that f is Hamiltonian stable, then /3r >, c, where c = RicN /c-k&. If 
the boundary of L is connected, this condition is also sufficient. 
iii) Let X; M + S3 be a minimal immersion of an oriented surface. Then the Gauss 
map 9 : M + G2,4 is again a minimal immersion. We show below, that the second 
variation of area for g, restricted to variations through Gauss maps, is non-negative iff 
/3i 2 2 holds. 
The application (iii) is really a special case of (ii). In Section 3 we define a nonstan- 
dard complex structure on G2,4, with respect to which every Gauss map of a surface 
in S3 is Lagrangian. This complex structure has appeared previously in several papers, 
for example [a]. C onversely, we show that every such Lagrangian submanifold arises as 
the Gauss map of a surface in S3. 
1. Estimates for /31 
Theorem 1.1. Let R g Mn, n > 2. Then there exists a smooth solution of (**) with 
P=P1. 
Proof. Let {Q} 
]]VU]]LZ = 1. 
Define norms on 
be a minimizing sequence for the quotient (*), normalized by 
CY as follows 
I- 
llull~2.2 := J ~(llVV412 + IIW12 + u2), 
11~112, := &)‘+ llV4l” + u2), 
1141~ := Jn((aB)Z + llW12)~ 
Because of the Lichnerowicz formula 
l ]VVu12 = ~((Au)’ - Ric(Vu, Vu)) 
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and the local boundedness of the Ricci tensor, the first and second norms are equivalent 
on W, 2’2 which is the completion of C,O” with respect to the first norm above. Using the 
first Dirichlet eigenvalue for the Laplacian, one sees that the norm I( . ((b is equivalent 
to the other two. 
By the Banach Alaoglu theorem, there exist a subsequence {zL~} C {TQ} and 2~ in 
J/$72,2 e , such that {ua} converges weakly to u. By Theorem 10 of [I] and the corollary 
following, the inclusion of W,“‘” in Wi’” is compact. Therefore we may assume that the 
sequence converges strongly to u in Wi’2. Since the norm 1) ]]b is lower semicontinuous 
with respect to weak convergence, we have 
By the remarks above, IIVu(I,y, so by the definition of 01 
I (W2 PI = 
J 
[Vu12. 
By computing the Euler-Lagrange equation for the quotient (*), one sees that u is a 
weak solution of the equation (**). The function h defined weakly by 
h := Au + /!Iru (1.1) 
is then an L2 harmonic function. Using the usual bootstrap method, one sees that the 
function ur defined by 
u+) := 
J 
$%u(Y) - W))g(~, Y) PA, 
where g(s, y) denotes the Green’s function of 0, is a smooth solution of (**). 
Proposition 1.2. Let R G A4 and let X1 denote the first Dirichlet eigenvalue of Cl. 
Then 
Xl < Pl. 
Proof. Let u be an eigenfunction corresponding to /3r and define h as in (1.1). Then 
h is clearly harmonic in R. Because of the boundary values for u, we have 
- J uAu 
Xl < 
J ILU 
J 
=pl-- 
U2 J u2' 
Let {In} c C'y b e a sequence converging to u in W,‘!“. Then multiplying (1.1) by h 
and integrating yields 
/(h2 - Pluh) = / hnu = k>i 1 hA& = o 
394 
since 
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JhA~,=J~~~Ah+Jdn(ha,F,-~navl”)=O. 
Therefore the integral of h . u is non-negative and the result follows. Cl 
Remark. For a domain in R2, a result of Alexander Weinstein states that X2 < ,Or 
holds (see [3]). 
Theorem 1.3. Let M be a 2-dimensional Riemannian manifold and let R G M be 
simply connected. Assume that 52 contains a geodesic disc B,(p) of radius T about p. 
Let w be a smooth solution of 
Aw = Jr’ inR, 
gJ<w<ti; g,iE E IR. 
Then 
ane2(2”-4 ae2(@-2”) 
PI 
< Pl 6 
T2 * 
Here a = (3.8317)2 is a universal constant and )QI denotes the area of a. 
Proof. Consider the conformal metric 
dS2 = e2w ds2. 
By a standard formula, its curvature is given by 
I? = e-2”(K - AU) = 0. 
For any piecewise smooth curve c in 0, we have 
J J dS = ew ds 2 ey J ds. C C C 
Hence, if B,, denotes the geodesic disc of radius p about p with respect to the metric 
ds2, we have 
Brew c B,. (1.2) 
Let PI(.) denote the buckling eigenvalue with respect to dS2. Then by [II] 
;c -‘IQ = ,&(Breu) Z ,&(Br) 
using (1.2) and the monotonicity of the eigenvalue with respect to the region. Next, 
note that 
( &L)~ dA 
&(Br) = CL?; ) J e-2”(Au)2 dA 
J 
= inf J 
c I‘ [Vu]2 dA ‘,OO(‘,) 
J 
]Vu12 dA 
> em2”Pl( Br). 
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The second equality above uses the conformal invariance of the Dirichlet integral. 
Combining, we have the upper bound 
For the lower bound we apply an isoperimetric inequality due to Polya and Szego 
[ll]. For u in C,O”, we have 
( iQ2 dk 
!& < 
I c-~“(Au)~ dA (Au)~ dA 
J 
= I J 
j&12 dA 
I 
< e-211, 
(Vu12 dA ’ 
J 
(VU]~ dA’ 
Taking ‘u. to belong to pr yields 
p1 < e-2”p,_ 
Also 
J,dii = ie2WdA < e2fiIRI. 
By [ll, p. 2311 
which gives the lower bound. 0 
Remark. By using a similar method, one may obtain upper bounds for the first 
eigenvalue of the biharmonic and Laplace operators on a domain in a surface. In the 
case of the Laplace operator, with Dirichlet boundary conditions, one may drop the 
assumption that R is simply connected. 
In the applications we will consider, a choice of the auxiliary function w arises in the 
following way. The metric on A4 determines a conformal structure if M is orientable 
or on its oriented double covering otherwise. Then we may consider M, or its double 
cover, as a Riemann surface and we let K”, for v an integer, denote the vth tensor 
power of the canonical bundle. 
Lemma 1.4. Let s be any locally defined, nonvanishing holomorphic section of K”, 
then the norm of s with respect to the metric on M satisfies 
Alog ]]s]]““ = K. 
Here Ii’ denotes the Gauss curvature of M. 
Proof. Locally, we have 
s = &“‘) d,$‘, ds2 = epldz12, &ES(~‘~) = 0. 
Therefore 
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2. Applications 
Theorem 2.1. Let x : h4 -+ E3 be an immersion of a simply connected surface with 
non-zero constant mean curvature H. Assume that M properly contains a geodesic 
disc B,(p). Let F \ and K denote the maximum and minimum of I< on B,(p). Then 
(ii) 1j f [ $ 1 ;;]ljz < 2H2, then u/n is an unstable harmonic map. 
Proof. Let z be a local coordinate and let II denote the second fundamental form of 
M. Then s := II(‘*‘) is a holomorphic section of r;2 such that 
lls112 = H2 - K. 
Then (i) follows from the lemma above, Theorem 1.3 and Lemma 1.4. 
For [ E C,“(v*TS2), let $E(v) denote th e second variation of energy in the direction 
t. If tL denotes the section obtained by rotating t through an angle r/2, then as shown 
in P31, 
6: E(v) + bp, E(I)) = 2 / (/V.$12 + K1t12 - 2H2/[12). 
l-l 
Taking [ = VU, u E C,“(R) and using (1 .O) gives the result. 0 
Let (N,w) be a symplectic manifold of dimension 2m. An m-dimensional subman- 
ifold j : L --+ N is called Lagrangian if j’w = 0. If N is an almost Kahler manifold 
with Kahler form w and almost complex structure J, then for L Lagrangian 
J:TL-,lL 
is an isometry on the fibers. Hence every section of _I_ L can be written as JV where V is 
a section of TL. Following Oh, a normal section will be called Lagrangian (respectively 
Hamiltonian) if it is of the form JV with V locally (resp. globally) a gradient field on L. 
The Lagrangian sections are those whose flow infinitesimally preserves the property of 
being Lagrangian. Now assume N is Kahler and that L is minimal and Lagrangian with 
smooth boundary. The notation 6iA(L) will be used to denote the second variation of 
area in the direction t E CW(~ L). L is called 
stable + SiA(L) > 0, Vz E C,-(l L), 
Lagrangian stable e SiA(L) > 0, Vz E CT(1 L), z Lagrangian, 
Hamiltonian stable w @A(L) > 0, Vz E C,OO(_L L),z Hamiltonian. 
Proposition 2.2. Let L and N be as above. Then if L is Hamiltonian stable 
holds. Zj the boundary of L is connected, this condition is also suficient. 
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Proof. In [7] it is shown that if N is Einstein-Kahler with Ric = cd&, then 
6&A(L) = 
J 
(]]VV(]2 + Ric(V,V) - cllVj12). 
Making the substitution V = V+, where Or+5 vanishes on the boundary, yields after 
integrating by parts 
If PI < c holds, then taking II, to be an eigenfunction will make the second variation 
negative. 
Conversely, if V$ vanishes on dR and dR is connected, then we may assume that 
II, also vanishes on dSZ, without changing the value of V+. 0 
Theorem 2.3. Let f : L + @P2 be a minimal Lagrangian immersion of a simply 
connected surface. Assume that M properly contains a geodesic disc B,(p). Let x and 
&’ denote the maximum and minimum of Ii on B,(p). Then 
(ii) holds, then L is not Hamiltonian stable I 
Here c denotes the holomorphic sectional curvature of CP2. 
Proof. Let z be a local coordinate and let s be the section of ti3 which is given locally 
by 
(Rfz, J(fi))dz3, 
where D is the metric connection on @P2 and J denotes the almost complex structure. 
It is not difficult to see that s is holomorphic. Using the Gauss equation, one sees that 
the norm of s satisfies 
~~s~~2 = f - A-. 
Then (i) follows from Theorem 1.2 and Lemma 1.4. The statement (ii) then follows by 
Proposition 2.2. 
3. Hamiltonian stability of Gauss maps 
The Grassmannian of oriented 2-planes in E4, denoted by G2,4, may be realized as 
a subvariety of A := A2(E4) defined by 
(979) = 1, (!L*d = 0. (3.1) 
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Here (v, a) denotes the usual inner product on A and * denotes the Hodge operator. 
Recall that for generators cq = al A br, (~2 = u2 A b2, 
bw2) = h,a2)(W2) - (~142)(b2) 
where (e, .) denotes the inner product on E4. 
It is well known that the spectral decomposition of A with respect to * induces an 
isometry 
where 5’: denotes the 2-sphere in A: := ker(* 7 id). 
Let J* denote the usual almost complex structure of Si(l/fi), i.e. 
Jk : T& ---$ T&, 
ah + Jzvh x ai, 
(3.2) 
where x denotes the cross product. Define an almost complex structure J on G2.4 by 
J := J+ $ (-J-). 
It is then clear that J is integrable since it is the direct sum of almost complex structures 
on Riemann surfaces. (G 2.4, J) is then an Einstein-Kahler manifold with Ric = 2ds2. 
In what follows it will be useful to have an expression for J in terms of Pliicker 
coordinates on A. Let {ej}j,r,...,4 denote the usual basis of E4. Then {e;j := e; A 
ej}l<;<j<4 is an orthonormal basis of A. Let 
denote the projections. We choose a basis {~~}j=r,2,s for A$ given by 
E3f := --$erj f *erj), j = 2,3,4. 
Let g = e12 E G2,4. From (3.1) we find that 
TelzG2,4 = (7 E Al(y,el2) = 0 = (y,%)} 
= wn{elj}j=1,2,3. 
By (3.2) we have that 
Jelz = (E,+ x -) $ (4, x + 
It is then easy to see that 
J.&d = e23, Jelz(e14) = a. 
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Using homogeneity and J2 = - id, we find that J, in general, can be described as 
follows. Let (9) and (*g) denote the oriented 2-planes represented by g and *g respec- 
tively. Then 
T,G’2,4 = span{u~ 71 ] u E (g), n E (*g)}. 
Letting j denote the almost complex structure induced on (g), we have 
J&A n) = j(u) A n. 
Let X : A4 -+ S3 C E4 be an immersion of an oriented surface. Define the Gauss 
map 
g : h!f + G2,4 
P - X(P) * N(P) 
where N is the unit normal to h4 in S3 (g assigns to each point p its oriented normal 
plane.) 
Proposition 3.1. For X as above, (i) g is a Lagrungiun immersion. (ii) Zf X is 
minimal then g is minimal- Lugrungiun. 
Proof. We have 
dg=dXAN+XAdN, 
Jodg=-dXAX+NAdN 
(3.3) 
and hence 
g*w = (dg, J o dg) G 0. 
This shows that g is Lagrangian. By (3.3), the metric induced by g is 
ds,2 := (dg,dg) = ( dX, dX) + (dN, dN) 
so that g is an immersion if X is. The statement (ii) follows from (i) and a well known 
result which may be found in [5]. 0 
Remark. The above proposition is a special case of the fact that the Gauss map of 
an oriented surface in E4, whose normal curvature vanishes identically, is Lagrangian. 
This is a restatement of Proposition (4.5) of [4]. 
We now consider to what extent the converse of Proposition 3.1 (i) holds. 
Let V2,4 denote the Stiefel manifold of orthonormal 2-frames of E4. We identify an 
element f in V2,4 with an ordered pair (X, N) E S3 x S3 such that (X, N) = 0. It is 
clear that V2,4 is an S’ bundle over G2,4 
s’ + b,4 G2,4, 
(X,N)-~XAN 
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with the action given by 
P(X, N) := (cos 0X - sin BN, sin 8X + cos r9N). 
Note that Vz,* may be identified with the unit sphere bundle of S3, Cr(S3). Let 
pr((X,N)) = X, P~NX,W) = N d enote the projections. Following [lo], we use the 
following notion of a generalized surface in S3. 
Definition. A Lie geometric surface (Lie surface for short) is a smooth map 
f : M2 + V&4 
satisfying 
f*(dX, N) = 0. (3.4) 
It is clear that if X is an immersion into S3 with unit normal N, then (X, N) is a Lie 
surface. However, if f is a Lie surface, the map X := pr o f need not be an immersion 
although it possesses a normal N. 
Proposition 3.2. Let g : M2 + G2,4 be a smooth Lagrangian immersion. Then 
locally, g is the Gauss map of a Lie surface in S 3. This Lie surface is unique up to 
parallel transformations (i.e. those given by the S’ action). 
Proof. Let g be as above. Then locally, g may be expressed 
g=XAN, (X,N)ES3XS3, (X,N)=O. 
Differentiation, gives 
g;=XiAN+Xr\N;=ri~r\N+Xr\~T; 
where Xi := X; - (X;, N)N and fi; := N; - (N;,X)X. By definition of J, 
J(gi) = -& A X + N A 8; 
and hence 
0 = o(g;,gj) = (J(si>,sj> = (k Nj) - (Xj, Ri> 
= (X;, Nj) - (Xj, Ni). 
(3.5) 
The map f := (X, N), locally defines a lift of g to V2,4 and locally any other lift is 
of the form f ’ := ei6 f for some function 8. A simple calculation yields 
(fe)*((dX,N))(&fe) = 0; t cos20(X,N;) -sin20(N,X;) 
= 8; + (X, Ni) 
since (X, N) - 0. Therefore the necessary and sufficient condition that there exist a 
local lift satisfying (3.4), is that 
d(i&2W, Ni)dx”) = 0. (3.6) 
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It is clear that this is equivalent with the condition (3.5). Is is also clear from the above, 
that if (X, N) is a lift satisfying (3.6) th en any other such lift differs by a constant 
element of S’. This proves the uniqueness statement. q 
Proposition 3.3. Let Xc,& E (-c,c) be a smooth one-parameter deformation of a 
smooth oriented immersion X = XE=o. Let gs denote the corresponding Gauss maps. 
Let g := 6’,(gE)E=o be th e variation field and write 
g = fjT + (jl; gT E C”(TM), i1 E C”(1g). 
Then g’- is Hamiltonian, i.e. (J o dg, g*) is exact. 
Proof. With the obvious notation, write 
X =: $N +[; 4 E C”(M), t E C”(TM). 
Then the corresponding variation of N is 
k = -VI/J + dN(t) - $X. 
Hence 
b=Xil\N+Xr\fi 
=tAN+XA(-V$+dN(<)-$X). 
Using (3.3), one finds that 
&Jodg)=(NAdN,[AN)-(XAdX,-XAV$+XAdN({)) 
=d&. •I 
Remark. Analogues of Propositions 3.1 (i), 3.2 and 3.3 hold for hypersurfaces in S”, 
n 2 3. For these one uses the obvious generalization of J, as defined above, on the 
Grassmannian Gz,++z. 
When M is minimal Proposition 3.1 implies that the immersion g is minimal La- 
grangian. One may then consider the second variation of area for g. By the previous 
proposition, we find that g is Hamiltonian stable exactly when the it second variation 
of area for g is non-negative for all variations of g arising as variations through Gauss 
maps. 
Proposition 3.4. Let X : M + S3 be a minimal immersion of a closed, oriented 
surface. Then the Gauss map g is Hamiltonian stable if and only if M is an equatorial 
2-sphere. 
Proof. By results of [7], a closed minimal Lagrangian submanifold in an Einstein- 
Kahler manifold N is Hamiltonian stable if and only if the first nontrivial eigenvalue of 
its Laplace operator is greater than or equal to c := RicN /ds2. Hence g is Hamiltonian 
stable if and only if the first nontrivial eigenvalue of the Laplacian on (M, dsi) is > 2. 
Recall that for a minimal immersion into S3, 
A(N,a) + (2 - 2K)(N,a) = 0, Vu E E4. 
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If M is not a sphere, then there is an a E E4 such that (N, u) does not vanish identically 
and 
J 
(N, a)(4 - 2K) dA = 0. 
M 
Let K denote the Gauss curvature of the metric ds2 and let A, be the Laplacian of 
dsi. Then 
- 
J 
(N, u)(A, + 2)(N, u) dA, = - 
J 
(N, u)(A + (4 - 21i))(N, u) dA < 0 
M M 
which proves instability. When M is a minimal 2-sphere, then g is stable and hence 
Hamiltonian stable. In fact the Gauss map of a minimal sphere in S3 is an embedding 
of the diagonal in S2 x S2 which minimizes area in its homology class (see [6]). Cl 
Remark. Consider the embedded Clifford torus 
X : T = S’ x S’ --+ S3. 
Its Gauss map g is a double covering of an isometric embedding 
L : T --) G2,4. 
Although g is not Hamiltonian stable, the embedding L is Hamiltonian stable since the 
first eigenvalue of its Laplacian is 2. 
Proposition 3.5. Let X : M + S3 be a minimal immersion of an oriented surface 
and let R @ M be simply connected. If R is a stable subdomain of M then 
gin : fl - G2,4 
is Hamiltonian stable. 
Proof. By Proposition 2.2, g]a is Hamiltonian stable iff the first buckling eigenvalue 
p1 of (0, dsi) is greater th an or equal to 2. Therefore, by Proposition 1.2, g]n will be 
Hamiltonian stable if the first Dirichlet eigenvalue of (R,dsz) is greater than or equal 
to 2. Since 
ds; = (2 - K)ds2 (3.7) 
we have 
2 < - 
J 
f(A, t 2)fdA,q = - f(A t (4 - 2K))fdA, Vf E C,“(R) 
s2 J n 
and hence fl is stable. 0 
Remark. If in Proposition 3.5, if we make the further restriction that the variations of 
g be through Gauss maps of surfaces agreeing with X on 80, then we may remove the 
restriction on the connectivity of R since for these variations, the normal component 
automatically vanishes on dR. 
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Theorem 3.6. Let X : A4 ---f S3 De an immersion of a minimal, oriented, simply 
connected surface and let R G M. Assume that M properly contains a geodesic disc 
B,(p). Let R and E denote the maximum and minimum of II on B,(p). If 
a 1-E 112 
[ 1 r2 1-E <2 
then gin is not Hamiltonian stable. 
Proof. Let II denote the second fundamental form of M in S3. Then s := II(‘t”) is 
a holomorphic quadratic differential in M. Using (3.7) and the fact that K < 1 for 
minimal surfaces in S3, we find that the buckling eigenvalue fir of (0, dsi) satisfies 
J @Ld2wJ = inf / (2 - K)-‘(Au)2dA 
s 
IVguj2dA, cF=(sl~ 
J 
6 Pl(fl). 
jVu12dA 
By Theorem 1.2 and Lemma 1.4, we have 
/m) 6 Pl(fq 6 f[ ii I ;;l”’ 
and so the result follows by Proposition 2.2. 17 
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